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Portfolio optimization which  means choosing the right stocks based on the highest 

return and lowest risk, is one of the most effective steps in making optimal investment 

decisions. Deciding which stock is in a better position compared to other stocks and 

deserves to be selected and placed in one's investment portfolio and how to allocate 

capital between these stocks, are complex issues.  Theoretically, the issue of choosing 

a portfolio in the case of minimizing risk in the case of fixed returns can be solved 

by using mathematical formulas and through a quadratic equation; but in practice and 

in the real world, due to the large number of choices in capital markets, the 

mathematical approach used to solve this model, requires extensive calculations and 

planning. Considering that the behavior of the stock market does not follow a linear 

pattern, the common linear methods cannot be used and useful in describing this 

behavior. In this research, portfolio optimization using the gray wolf algorithm and 

the Markowitz model based on CO-GARCH modeling has been investigated. The 

statistical population of the current research included the information of 698 

companies from the companies admitted to the Tehran Stock Exchange for the period 

of 2011 to 2020. First, the optimal investment model is presented based on the gray 

wolf algorithm, and After extracting the optimal model, the efficiency of the gray 

wolf algorithm is compared with the Markowitz model based on CO-GARCH 

modeling. The gray wolf algorithm is combined with the modified Markowitz model 

based on CO-GARCH modeling, which has a better optimal state. 

 

1 Introduction 
 

The financial crisis of 2008, required investment managers to study alternative methods of portfolio 

construction with a focus on risk distribution optimization. It was believed that portfolio optimization 

methods based on the standard Markowitz, model are effective in diversifying unsystematic risk [1-5]. But 

after the recent crises, the financial markets were caught by surprise. In fact, the misjudgment scale created 

doubts and revealed the gaps in the existing methods in portfolio construction and risk management. 

Considering the necessity of portfolio diversification and optimization in terms of risk management, in this 
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thesis, a new method for building portfolios and optimizing non-systematic risk, using the meta-innovative 

algorithm based on evolutionary calculations, called GWO, as well as adjusting the classic and standard 

model Markowitz, is presented based on the risk calculation based on the conditional variances of the 

GARCH family, with the aim of minimizing the portfolio risk and maximizing the diversity ratio to increase 

the efficiency of the optimal portfolio; Finally, the statistical results of the presented portfolios are 

compared with the market performance. The problem of choosing an investment portfolio is one of the 

classic problems of the financial world, which was first stated by Markowitz [47]. Markowitz's approach 

seeks to maximize the return of the portfolio and minimize its risk, where usually one component of risk or 

return is included in the target function and the other is considered as a constraint. One of the solutions 

mentioned in almost all scientific and experimental studies is to create a stock portfolio through which the 

existing risks can be properly managed so that the maximum possible profit can be obtained. But the issue 

raised in this context is the creation of the optimal stock portfolio according to the different goals of 

investors, which is considered as a complex issue. In a general definition of the problem, the stock portfolio 

means the lowest risk in the investment according to a certain level of return.  forecasts vary greatly due to 

the inherent high sensitivity of these series to various factors and factors. Portfolio management can quickly 

become a gamble if the models used to predict future returns are underestimated, and the complexities of 

sequential changes and their implications for probability are underestimated. Optimizing securities requires 

knowledge to balance the expected return of the market and the size of the anticipated risk of the investment. 

The Modern Portfolio Theory (MPT) presented by Markowitz, is an investment theory that emphasizes 

how risk is an inherent part of portfolio returns and the idea of optimizing the expected return of a portfolio 

based on an investor's degree of risk tolerance and taking into account It provides market risk. Markowitz's 

theory for building a basket of eggs shows and explains how investment management plays a simple game 

of picking a few stocks from the market. The volatility of asset prices in a portfolio is correlated, which is 

typically the source of market risk [54]. 

      According to capital market theories, the risk of holding a single share is much higher than the risk of 

a portfolio with minimum correlation. For a limited set of securities in a portfolio, the most common source 

of share price volatility is market risk, also known as the general factor. Usually, the assets of a portfolio 

are less volatile if they are separated from market risk; While assets that are exposed to market risks are not 

only very volatile, but also have large gains or losses. Portfolio risk management has classified risks into 

two categories: systematic risk and unsystematic risk. Market risk or systematic risk is a risk inherent to the 

market as a whole and its impact is not specific to a particular industry or sector. While unsystematic risk 

has almost nothing to do with systematic risk and it is the specific risk of an industry or a sector, and 

therefore it is considered a suiTable field for the study of identifying new techniques for portfolio risk 

diversification and optimization [8]. 

 

2 Methodology 

      In this research, a new method for optimizing unsystematic risk by optimally diversifying the assets of 

a portfolio is presented using the Gray Wolf Algorithm (GWO). In this way, by systematically analyzing 

the final risk of each share from the collection of shares in possession, the shares that meet the initial 

conditions for entering the portfolio are selected. In the next step, a gray wolf optimization algorithm is 

applied with the aim of maximizing portfolio diversification and eliminating unsystematic risk in the 

portfolio. The proposed model to increase the ability of machine learning includes two well-known portfolio 

risk management techniques, including risk share [7-11] and maximum diversity ratio [12-15]. The risk 

budgeting method is used to identify high-risk shares of the available shares. Finally, the findings are 



Jahanian et al. 

 
 

 

Vol. 9, Issue 1, (2024) 

 

Advances in Mathematical Finance and Applications  

 

[307] 

 

reviewed and analyzed by matching with the returns of the main capital market indices such as the total 

index and 50 active companies, on the one hand, and comparing with the other method of portfolio 

formation, which is based on volatility modeling by CO-GARCH model and Markov switching. For 

comparison, the length of the investment horizon, return and risk of both proposed portfolios are considered 

in terms of optimization and diversification. Finally, according to the results and their comparison, the 

better performance of the proposed diversification can be used more as a method to create portfolio 

diversification and risk management using machine algorithms. 

 

2.1 Markowitz Model 

      Markowitz introduced and developed the concept of diversification of securities. He generally showed 

how diversification reduces the risk of the investor's stock portfolio. Investors can obtain an efficient 

portfolio for a given return by minimizing portfolio risk. In addition, the above process can lead to the 

formation of efficiency portfolios, which are called the efficient frontier of the average variance [16]. To 

use the Markowitz model, the following data are required: 

1) Expected return on share i, E (R_i) 

2) The standard deviation of the expected return for share i, which is considered as a measure of the risk 

of each share, S_i 

3) Covariance, as a measure of relationship and correlation between different stock return rates, δ_(i,j) 

      The reason why a company's stock is a risky asset is that its overall rate of return (weekly, monthly, 

yearly) is not random. By changing these rates over time, they can be divided into probability distributions 

and the metrics required for the Markowitz model can be calculated, such as mean, standard deviation, 

covariance, etc. [17]. The Markowitz model is based on the following assumptions: 

Investors are risk averse and expect excess returns, and their marginal utility curve is downward sloping. 

Investors choose their portfolio based on expected mean-variance return. Therefore, their indifference 

curves are a function of expected rate of return and variance. Each investment option is infinitely divisible. 

Investors have a time horizon and this is the same for all investors. Investors prefer returns higher than a 

certain level of risk, and on the other hand, investors consider the following two factors in their choice [47]. 

a) "high expected return" which is a favorable factor. 

b) "uncertainty about efficiency" which is an unfavorable factor. 

      In order to achieve the optimal portfolio selection in the Markowitz method that requires the least 

variance for a certain level of specific efficiency, the following linear programming model is presented 

[18]: 

𝑀𝑖𝑛 𝑍 =  𝛿𝑝
2     ,  𝛿𝑝

2 = ∑ ∑ 𝑤𝑖
𝑚
𝑗=1

𝑛
𝑖=1 . 𝑤𝑗. 𝑐𝑜𝑣(𝑟�̅� . 𝑟�̅�)                             (1) 

𝑠𝑡 =  𝑟�̅� = ∑ 𝑤𝑖
𝑛
𝑖=1 . 𝑟�̅�                                                                                                            (2) 

∑ 𝑤𝑖
𝑛
𝑖=1 = 1   ,       𝑤𝑖 > 0     (3) 

 

w_i: weight corresponding to share i in the portfolio 

(r_p) ̅: expected portfolio return 

r_i: return on share i 

δ_p^2: portfolio return variance. 

 

2.2 Gray Wolf Algorithm 

      The Gray Wolf Algorithm (GWO) is a meta heuristic algorithm inspired by the hieratical hierarchical 

structure and social behavior of gray wolves when hunting. This algorithm is population-based, has a simple 
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process, and can easily be generalized to large-scale problems. Gray wolves are considered apex predators, 

at the top of the food chain. Gray wolves prefer to live in a group (pack), each group has an average of 5-

12 members. All members of this group have a very strict social dominance hierarchy and have specific 

duties. In each pack of wolves, there are 4 levels for hunting, which are modeled as a pyramidal structure 

as shown below. 

 
Fig. 1: The Pyramidal Structure of the Gray Wolf Model 

 

      The pack leader wolves are called alpha and can be male or female. These wolves dominate the herd. 

Beta wolves help alpha wolves in the decision making process and are also prone to being chosen instead 

of them. Delta wolves are lower than beta wolves and include old wolves, hunters, and cubs. Omega wolves 

are the lowest order in the hierarchy pyramid and have the least rights compared to the rest of the group. 

After all, they eat and do not participate in the decision-making process. Gray wolf hunting method: In 

explaining and teaching the gray wolf algorithm, it can be said that this algorithm includes 3 main steps: 

1- Observing hunting, tracking and chasing it 

2- Approaching, encircling (circling) prey and leading it astray until it stops moving. 

3- attack hunting 

      In the main article describing the algorithm, which was introduced and explained by [49] for the first 

time in 2014, the hierarchical structure and social behavior of wolves during the hunting process was 

mathematically modeled and used to design an algorithm for optimization [49]. Optimization is done using 

alpha, beta and delta wolves. A wolf is assumed to be alpha as the main guide of the algorithm, and a beta 

and delta wolf also participate, and the rest of the wolves are considered as their followers. Gray wolves 

have the ability to estimate the position of prey. In the initial search there is no idea about the location of 

the hunt. It is assumed that alpha, beta, and delta wolves have better basic knowledge about the hunting 

position (the optimal point of the answer). In the GWO gray wolf optimizer, the most suiTable solution is 

considered as alpha, and the second and third most suiTable solutions are named beta and delta, 

respectively. All other solutions are considered omega. In the GWO algorithm, hunting is driven by 𝛼 𝛽 

and δ. The solution 𝜔 follows these three wolves. When the prey is surrounded by wolves and stops moving, 

an attack led by the alpha wolf begins. Modeling this process is done by reducing the vector a. Since A is 

a random vector in the interval [2a,-2a], as a decreases, the vector of coefficients of A also decreases. If 

|A|<1, the alpha wolf will approach the prey (and other wolves) and if |A|>1 the wolf will move away from 

the prey (and other wolves). The gray wolf algorithm requires that all wolves update their position according 

to the position of alpha, beta, and delta wolves. As mentioned, optimization is guided by alpha, beta and 



Jahanian et al. 

 
 

 

Vol. 9, Issue 1, (2024) 

 

Advances in Mathematical Finance and Applications  

 

[309] 

 

delta, and the fourth group follows these three groups. The modeling of wolf siege behavior uses the 

following relationships: 

�⃗⃗� =  |𝐶 . 𝑋𝑝
⃗⃗ ⃗⃗    (𝑡) − 𝑋  (𝑡)|                                                                                                       (4) 

 

𝑋 (𝑡 + 1) =  𝑋𝑝
⃗⃗ ⃗⃗    (𝑡) − 𝐴 . �⃗⃗�                                                                                                    (5) 

 

      In these relationships, the number of iterations, A and C are multiplication vectors, (X_p) is the position 

vector of the prey and X is the position vector of a wolf. The following relationships are used to calculate 

vectors A and C: 

𝐴 = 2𝑎 . 𝑟 − 𝑎                                                                                                                        (6) 

𝐶 = 2. 𝑟                                                                                                                                    (7) 

 

      In the above relationships, the variable a decreases linearly from 2 to zero during iterations, and r1, r2 

are random vectors in the interval [0, 1]. 

Figure 2 shows the schematic view of the position vectors and their next possible locations: 

 

 

   
Fig. 2: Position vectors and their next possible locations [49] 

 

The search phase has a process exactly opposite to the attack process: during the search, the wolves move 

away from each other to track the prey (|A|>1), while after tracking the prey, the wolves approach each 

other in the attack phase (|A|< 1) This process is called divergence in search - convergence in attack.  

Exploration: |A|>1 

Exploitation: |A|<1 

Role of vector C: vector C is considered to be a creature in nature that hunts close to wolves. The C vector 

adds weight to the prey and makes it more unattainable for wolves. This vector does not decrease linearly 

from 2 to zero. 

Algorithm order 

• The fitness of all answers is calculated and the top three answers are selected as alpha, beta, delta 

until the end of the algorithm. 

• In each iteration, the three best answers (alpha, beta, delta wolves) have the ability to estimate the 

position of the prey, and they do this in each iteration.  
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• In each iteration, after determining the position of alpha, beta, delta wolves, the position of the 

rest of the answers is updated according to them. 

• In each iteration, the vector (a) and accordingly A and (C) are updated. 

• At the end of the iterations, the alpha wolf position is introduced as the optimal point. 

3 Research Method 

This research is applied, inductive, descriptive and post-event. Applied research is research that uses the 

cognitive background and information provided through basic research to meet human needs and improve 

and optimize tools, methods, objects and models in order to develop welfare and comfort and improve the 

level of human life. are placed [19-23]. In terms of nature and method, this part can be considered as 

descriptive research. Descriptive research includes a set of methods that aim to describe the conditions or 

phenomena under investigation. The implementation of descriptive research can be simply to know more 

about the existing conditions or to help the decision-making process [24-29]. 

In the present study, the effectiveness of the new method of portfolio construction and unsystematic risk 

optimization is tested using a meta-heuristic measurement tool based on evolutionary calculations, known 

as the Gray Wolf Optimization (GWO) algorithm. In this way, a portfolio formation model is created using 

machine learning methods to minimize the risk component according to the total assets under consideration 

and then increase asset diversification by maximizing the maximum diversification ratio. The active stock 

portfolio management method is done using crowd intelligence as a maximum diversification strategy 

(MDS) model. The MDS framework is a two-stage model where the first stage involves building the model 

by learning from historical data and the second stage involves testing and fine-tuning the model to avoid 

over fitting. In the learning phase, there are three sub-phases: data specification, risk elimination and 

optimal diversification. Then, by using a set of two well-known techniques known as the maximum 

diversification ratio and portfolio risk share, the aforementioned strengthening techniques are used to form 

the stock portfolio [30-33]. 

      The current research uses the strategy of Maximizing Diversification (MDS) proposed by [23] to form 

an optimal portfolio; Because it has more dimensions than [35] model and considers the risk budget 

(marginal contribution) (MCn) for each of the n assets of a set (U) of risky assets. In this way, the set of 

assets U= (X1, X2, ..., Xn) are considered first; Then the asset with the highest share of risk (MCn) is 

removed for selection in the P portfolio. It is worth noting that P= (W1, W2, …, Wi) and W is the weight 

of each asset i in the portfolio. Then the cumulative algorithm is applied to determine the wi of each 

portfolio asset. Problems related to the stochastic nature of time series require optimization, which provides 

an effective solution to solve complex high-dimensional problems. Due to the capabilities and strong results 

of the GWO algorithm to solve such problems [49], this algorithm is used to solve the diversification 

problem. Another part of the current research is determining the optimal portfolio using CO-GARCH 

volatility modeling. One of the fundamental drawbacks to the Markowitz portfolio model is the use of 

sample variance as a measure of risk, a variance known as symmetric. Considering the above, and especially 

with the availability of data, a natural way to take into account the time-based constraints of discrete 

processes is to use GARCH family models, Kloppelberg et al. He suggested bringing the continuous time 

model. The continuous-time GARCH (COGARCH) model is a direct analog of the discrete-time GARCH, 

based on a Lévy process in a background, and generalizes the basic features of the discrete-time GARCH 

process in a natural way. The statistical population of the current research included the information of 698 

companies from the companies admitted to the Tehran Stock Exchange for the period of 2010 to 2019. The 

analysis of the results for the gray wolf algorithm is done using MATLAB software and to estimate the 
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fluctuations and adjust the Markowitz model based on the CO GARCH model using R software. In general, 

the GWO algorithm is a two-stage research framework, in which the first stage includes building the model 

by learning from historical data, and the second stage includes testing the model to avoid over  fitting. The 

learning stage, - includes data determination, risk elimination and optimal diversification. Then, using the 

desired research techniques, the optimal portfolio is extracted. 

      Regarding the adjusted Markowitz model, as mentioned, the optimization is applied with the differential 

evolution algorithm implemented in R software through the DEoptim package of [37]. Each portfolio is 

rebalanced monthly over an annual period. To diversify and reduce risk, the limit of weight ωi for share i 

should be between 0.2 and 0.6. [38-41]. In order to compare the performance of the optimal (suggested) 

portfolios, the comparison test (difference) of the averages of two independent groups is carried out using 

the Levine test and the Sharpe ratio (as a risk assessment criterion). The Sharpe ratio represents the ratio of 

the average return earned over the risk-free rate of return. Deducting the risk-free rate from the average 

return separates the profit associated with risky activities. 

 

4 Findings 

      Gray wolves have the ability to detect the location of prey and surround them. The usual hunt is under 

the leadership and guidance of the alpha wolf, beta and delta also participate in the hunt from time to time. 

However, in an abstract search space, we have no idea about the optimal position (predator. In order to 

mathematically simulate the hunting behavior of gray wolves, we assume that alpha is the best candidate 

solution), beta, and delta about the potential position. Hunting has better knowledge. Therefore, we save 

the first three solutions (the best solutions) obtained so far and force other search agents, including Omega, 

to update their position based on the position of the best search agents. The following formulas in This 

relationship is suggested. 

X(t+1) =Xp(t)-A*D(t)                                                                                                  (8) 

D(t)=|𝐶 ∗ 𝑋𝑝(𝑡) − 𝑋(𝑡)|            t=1,2,…, tmax (9) 

A=a(2r1 -1)  ,              c=2r              ,    r1&r2 are random vectors ∈ [−1,1] (10) 

 

      In these equations, t represents the current iteration. A and C are coefficient vectors. (t) (Xp) and X (t) 

are the position vector of the prey and the position vector of the wolf, respectively. a decreases linearly 

from 2 to 0. (r_1) and (r_2) are random vectors in (1 and -1). The gray wolf has the ability to identify the 

hunting place and surround it. The hunt is usually led by the alpha. Beta and Delta may also occasionally 

participate in hunting. But, in a discrete search space there is no idea about the optimal (prey) location. In 

order to mathematically simulate gray wolf hunting behavior, it is assumed that alpha is the best answer 

among the available answers, beta and delta know better about the hunting place. Therefore, the 3 best 

obtained answers are saved and other search agents (including Omega) are forced to update their position 

according to the position of the best search agent. Therefore, the following equations are presented. 

𝐷𝑎
⃗⃗ ⃗⃗  = |𝐶1.⃗⃗⃗⃗  ⃗  𝑋𝑎

⃗⃗ ⃗⃗ −  𝑋 | (11) 

𝐷𝛽
⃗⃗⃗⃗  ⃗= |𝐶2.⃗⃗⃗⃗  ⃗  𝑋𝛽

⃗⃗ ⃗⃗ − 𝑋 | (12) 

𝐷𝛿
⃗⃗⃗⃗  ⃗= |𝐶3.⃗⃗⃗⃗  ⃗  𝑋𝛿

⃗⃗ ⃗⃗ − 𝑋 | (13) 

𝑋2
⃗⃗⃗⃗ = |𝐶𝛽

⃗⃗⃗⃗  − 𝐴2
⃗⃗ ⃗⃗  . 𝐷𝛿

⃗⃗⃗⃗  ⃗| (14) 

𝑋2
⃗⃗⃗⃗ = |𝐶𝛿

⃗⃗⃗⃗  − 𝐴3
⃗⃗ ⃗⃗  . 𝐷𝛿

⃗⃗⃗⃗  ⃗| (15) 
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𝑋 (𝑡 + 1) =
𝑥1⃗⃗⃗⃗ + 𝑋2

⃗⃗⃗⃗ + 𝑋3
⃗⃗⃗⃗ 

3γ
 (16) 

                                                                                                             

      To create the optimal function, 100 repetitions with the range (10 and -10) have been used. In this 

function, an interval of more than 10 and less than -10 is defined. The numbers that are more than 10 and 

less than -10 violated the defined interval, that is, they are outside the optimal points that must be corrected, 

and the model is run again after the correction. First, we identify the wrong answers and the correct answers 

remain: 

The numbers that were greater than 10 get the value of 10 and the numbers that were less than -10 get the 

value of -10. In the GWO algorithm, optimization is done with the help of α-β-δ. 𝜔 wolves follow these 

three wolves. 

 
Fig. 3: Optimal cost function 

 

      After obtaining the optimal diversification portfolio function, the gray wolf algorithm is executed. 

 

  
Fig. 4: Diversification in the gray wolf algorithm 
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      The gray wolf algorithm enters the phase of diversification in a specific jump. The reason for this is the 

presence of powerful operators in the gray wolf algorithm to search the entire space coherently and focus 

on a specific range to find the best answer. In fact, the gray wolf algorithm has a good speed in finding the 

optimal solution. The gray wolf algorithm has a very high computing power and has had relative or absolute 

superiority over other algorithms in almost all the problems that have been used. 

𝑦𝑡 = 𝜀𝑡𝜎𝑡,        𝜎𝑡
2 = 𝜔 +  𝛼𝑦𝑡−1

2 + 𝛽𝜎𝑡−1
2  (17) 

 

where α, β, ω are completely positive. The specification of the COGARCH model consists of two equations 

similar to the above Equation with a unit source of change driven by the Levy process (Lt) t≥ 0. More 

precisely, (Gt)t≥0 in the COGARCH process is defined in terms of the stochastic differential equation: 
 

dGt = σt−dLt, t ≥ 0 (18) 

 

where the fluctuation process, σt, is determined by the following stochastic differential equation: 
 

𝑑𝜎𝑡
2 = (𝜔 − 𝛾𝜎𝑡−

2 )𝑑𝑡 +  𝛼𝜎𝑡−
2 𝑑[𝐿, 𝐿]𝑡

𝑑𝜎𝑡
2,    𝑡 > 0   , 𝜔 > 0 , 𝛾 ≥ 0, 𝛼 > 0 (19) 

 

The quadratic variance trend [L, L]td of parameter L is: 

[𝐿, 𝐿]𝑡
𝑑 = ∑ (∆𝐿𝑠)

2
0<𝑠≤𝑡             , Lt = Lt − Lt− for  t ≥ 0 with L0− = 0                            (20) 

 

And finally, to obtain the stochastic differential solution, the auxiliary Lévy process can be used as 

described in the following model: 

𝜎𝑡
2 = exp (−

𝑥1 + 𝑥2 + 𝑋3

3
)(𝜔∫ exp (

𝑥1 + 𝑥2 + 𝑋3

3
)𝑑𝑠 + 𝜎0

2
𝑡

0

) , 𝑡 ≥ 0 (21)  

 

      The latter equation shows that σ_t^2 follows a generalized Ornstein-Uhlenbeck process parameterized 

by α,γ,ω and driven by the Lévy L process. The returns to the financial system are modeled by increasing 

the trend of Gt, h = Gt + h − Gt. The Lévy trend is the only source of randomness, and when it jumps, both 

price and volatility jump at the same time [44]. Finally, the optimization is done with the differential 

development algorithm implemented in R software through the DEoptim package of [42]. Each portfolio is 

made monthly over an annual period. For diversity and reduction, the weight ωi for a value should be 

between 0.2 and 0.6. Therefore, it is defined as follows: 

𝜎𝑡
2 = exp (−

𝑋1 + 𝑋2 + 𝑋3

3
)(𝜔 ∫ exp (

𝑋1 + 𝑋2 + 𝑋3

3
)𝑑𝑠 + 𝜎0

2
10

−10

) (22) 

The output of the function is as described in the following Table: 

 

Table 1: Optimal points 

Delta Beta Beta Delta 

Beta Beta Beta Delta 

Beta Alpha Alpha Beta 

Beta Alpha Alpha Beta 

Beta Alpha Alpha Beta 

Beta Beta Beta Delta 

Delta Beta Beta Delta 
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      Alpha is the main optimal points and beta is the points after alpha that is chosen as the optimal 

investment points. Deltas can be selected or not selected. Omega points were completely removed. Alphas 

are in the center, betas are after alphas and deltas are after betas. For comparison, the comparison test of 

the averages of two independent groups was used using Levine's test and Sharpe's ratio. 

 

Table 2: Levine's test to compare the difference between the efficiency of Gray Wolf and Markowitz 

sig f Mean difference test 

0.000 34.60 The difference between the efficiency of gray wolf and Markowitz 

 

      Since the significance level of Levin's test is 0.000, the assumption of equality of population variance 

is not confirmed, and the mean equality test is performed with the assumption of inequality of variance. 

 

Table 3: Mean difference test of groups 

Mean difference test t df sig upper 

limit 

 

lower 

limit 

 

difference 

in averages 

standard 

deviation of the 

difference 

The difference between the 

efficiency of gray wolf and 

Markowitz 

11.375 690.6 0.000 0.0437 0.1092 0.0917 0.0091 

 

      Considering that the value of the corresponding significance level is 0.000. Therefore, the assumption 

of equality of groups is rejected and there is a significant difference between the efficiency of the two 

groups. And according to the difference between the limit and the minimum, we can conclude that the 

efficiency of the gray wolf algorithm is higher than the Markowitz ratio. 

 

Table 4: Sharp's criterion for the output of the two methods used 

1.000 0.900 0.800 0.700 0.600 0.500 0.400 0.300 0.200 0.100 0.000 

Risk aversion 

factor 

 

0.823 0.942 0.935 1.000 1.109 0.749 0.759 0.605 0.368 0.280 0.250 Markowitz 

0.751 0.848 1.027 1.046 1.016 0.698 0.738 0.601 0.371 0.281 0.287 GWO 

0.802 0.904 0.885 1.024 1.017 0.776 0.754 0.587 0.340 0.291 0.259 Markowitz 

0.782 0.882 1.158 1.126 0.825 0.697 0.752 0.635 0.366 0.295 0.310 GWO 

0.814 0.910 0.835 0.961 1.017 0.807 0.741 0.615 0.319 0.295 0.277 Markowitz 

0.833 0.818 1.078 1.051 0.780 0.5 0.631 0.671 0.366 0.299 0.299 GWO 

 

      Based on the Sharpe ratio, the GWO algorithm performs better than the adjusted Markowitz model 

based on CO-GARCH modeling. 

 

5 Conclusion 
 

In this research, First, the optimal investment model was presented based on the gray wolf algorithm. After 

extracting the optimal model, the efficiency of the gray wolf algorithm was compared with the Markowitz 

model based on the CO-GARCH modeling. The results showed that the gray wolf algorithm has a higher 

efficiency than the Markowitz model based on the CO-GARCH modeling. Optimization studies have been 

done using different algorithms. But the result is different in terms of the subject which has a comparative 



Jahanian et al. 

 
 

 

Vol. 9, Issue 1, (2024) 

 

Advances in Mathematical Finance and Applications  

 

[315] 

 

mode. In this research, the gray wolf algorithm is combined with the modified Markowitz model based on 

CO-GARCH modeling, which has a better optimal state. 
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