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ABSTRACT 

Financial Mathematics is the application of mathematical methods to finance- 
ial problems. It is shown that Harmonic Univalent Functions play important roles 
in Financial Mathematics. This paper introduced and established a subclass of 
harmonic univalent functions involving the argument of complex-value functions 
of the form f = h + 𝑔. Additionally, this study investigates some properties of this 
subclass such as necessary and sufficient coefficient bounds, extreme points, 
distortion bounds and Hadamard product. 

 
1 Introduction 

Although, Louis Bachelier is considered the author of the first scholarly work on mathematical 
finance, published in 1900, mathematical finance emerged as a discipline in the 1970s, following the 
work of Fischer Black, Myron Scholes and Robert Merton [1,2] on option pricing theory [3]. 
Mathematical finance, also known as quantitative finance and financial mathematics, is a field 
of applied mathematics, concerned with mathematical modeling of financial markets. Generally, 
mathematical finance will derive and extend the mathematical or numerical models without 
necessarily establishing a link to financial theory, taking observed market prices as input [4]. 
Harmonic functions are famous for their use in the study of minimal surfaces and also play important 
roles in a variety of problems in applied mathematics. Harmonic functions have been studied in many 
areas such as differential geometers [5-9]; mathematical finance [10-14]. The field of Mathematical 
Finance has undergone a remarkable development since the seminal papers by Black and Scholes [1] 
and Merton [2], in which the famous "Black-Scholes Option Pricing Formula" was derived. In 1997 
the Nobel prize in Economics was awarded to Merton and Scholes for this achievement, thus also 
honoring the late Black [3]. Silverman [15] provided sufficient coefficient conditions for normalized 
harmonic functions to map onto either starlike or convex regions. These conditions were also shown 
to be necessary when the coefficients are negative. Ahuja [14] investigated harmonic analogs and 
formed certain harmonic functions which preserve close-to-convexity under convolution. Ahuja [16] 
determined representation theorems, distortion bounds, convolutions, convex combinations, and 
neighbourhoods for harmonic functions. Yalçin [17] defined and investigated a new class of Salagean-
type harmonic univalent functions and obtained coefficient conditions, extreme points, distortion 
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bounds, convex combination and radii of convex for the above class of harmonic univalent functions. 
Muir [18] constructed a weak subordination chain of convex univalent harmonic functions using a 
harmonic de la Vallée Poussin mean and a modified form of Pommerenke’s criterion for a 
subordination chain of analytic functions. Ang et al. [19] derived several sufficient conditions of the 
linear combinations of harmonic univalent mappings to be univalent and convex in the direction of 
the real axis. Li and Ponnusamy [20] investigated the subject of disk of convexity of sections of 
univalent harmonic functions. Ho [21] established the mapping properties of integral operators on 
space of bounded mean oscillation and Campanato spaces. Berra et al. [22] provided the mapping 
properties of some integral operators on space of bounded mean oscillation BMO, Campanato spaces 
and Lipschitz spaces. They play several roles on the studies of harmonic analysis. Li et al. [23] 
provided approximation of functions by linear integral operators on variable exponent spaces 
associated with a general exponent function on a domain of a Euclidean space. Approximation of 
functions by positive linear operators is a classical topic in approximation theory starting with the 
Bernstein operators [24], for approximating functions in the space C[0, 1] of continuous functions on 
[0, 1]. Ruzhansky and Sugimoto [25] presented a criterion for the global boundedness of integral 
operators which are known to be locally bounded. Grinshpan [26] applied a result of Warschawski 
and improved the estimation of the argument in the considered class for the important case when the 
mapping is nearly circular. CHO and SRIVASTAVA [27] presented a method to derive some 
inclusion properties and argument estimates of certain normalized analytic functions in the open unit 
disk, which were defined by means of a class of multiplier transformations. Aouf [28] obtained some 
argument properties of meromorphically multivalent functions associated with generalized 
hypergeometric function and derived the integral preserving properties in a sector. Some other 
subclasses of harmonic univalent functions investigated by many authors, for example see [29,30]. 
According to the above mentioned concepts, the main objective of this paper is to provide a more 
precise definition of these concepts in finance applications and define and verify a subclass of 
harmonic univalent functions involving the argument of complex-value functions and investigate 
some properties of this subclass. 

 

2 Preliminaries 

Here, we tend to investigate some important concepts of Harmonic Functions that are useful in theory 
of mathematical finance [31] In order to put forward our methodology, we start with introducing the 
following important concepts that are used throughout the paper. Hence, let H denote the class of 
functions which are complex-valued, harmonic, univalent, sense-preserving in ∆ =  {𝑧 ∈  𝐶 ∶  |𝑧|  <

 1} normalized by 𝑓(0)  =  ℎ(0)  =  𝑓𝑧(0)  −  1 =  0.  
Definition 1: Each 𝑓 ∈  𝐻 can be expressed as 𝑓 =  ℎ +  𝑔 ∈  𝐻, where h and g are analytic in ∆. 
Therefore if 𝑓 ∈  𝐻, then 

ℎ(𝑧) = 𝑧 + ෍ 𝑎௡𝑧௡

ାஶ

௡ୀଶ

   , 𝑔(𝑧) =  ෍ 𝑏௡𝑧௡

ାஶ

௡ୀଵ

   ,   |𝑏ଵ| < 1 
(1) 

are the analytic and co-analytic part of 𝑓 respectively.  
With respect to the definition 1, we assume that 𝐻 be the subfamily of H consisting harmonic 
functions 𝑓 =  ℎ +  𝑔 where 
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𝑓(𝑧) = 𝑧 − ෍|𝑎௡|𝑧௡

ାஶ

௡ୀଶ

   𝑎𝑛𝑑    𝑔(𝑧) =  ෍|𝑏௡|𝑧௡

ାஶ

௡ୀଵ

    ,   |𝑏ଵ| < 1 
(2) 

In this case, if co-analytic part of 𝑓 =  ℎ + 𝑔 is identically zero, then H reduces to the class of S of 
normalized analytic univalent functions. 
For 0 <  𝜆 ≤  1, 0 ≤  𝛽, 𝑟 <  1, 𝑘 ∈  𝑁0 =  𝑁 ∪  {0}, 0 ≤  𝑡 ≤  1,𝛼, 𝜃 ∈  𝑅, we have the 
following useful definition.  
Definition 2 ([32-34]): The class 𝐻ఒ,௞(𝛼, 𝛽, 𝑡) is a set of all functions f ∈ H satisfying the relation 

𝑅𝑒 ൜൫1 + 𝑡𝑒௜ఈ൯
𝜕

𝜃𝜕
 ቂarg ቀ𝑇ఒ

௞൫𝑟𝑒௜ఏ൯ቁቃ − 𝑡𝑒௜ఈൠ ≥ 𝛽 
(3) 

Where 

𝑇ఒ
௞𝑓(𝑧) =  𝑇ఒ

௞  ℎ(𝑧) + 𝑇ఒ
௞𝑔(𝑧)  

= 𝑧 +  ෍
𝑎௡

൫1 + 𝜆(𝑛 − 1)൯
௞

ାஶ

௡ୀଶ

𝑧௡ +  ෍ ൤
𝑏௡

1 + 𝜆(𝑛 − 1)௞
൨

ାஶ

௡ୀଵ

𝑧௡ 

(4) 

With a simple calculation on (4) we get the relation (5), see [35-37]. 

𝜕

𝜃𝜕
 ቂarg ቀ𝑇ఒ

௞൫𝑟𝑒௜ఏ൯ቁቃ = 𝐼𝑚
𝜕

𝜃𝜕
 ቂlog ൬𝑇ఒ

௞ ቀ𝑓൫𝑟𝑒௜ఏ൯ቁ൰ቃ 

= 𝑅𝑒 ൞
𝑧 ቀ𝑇ఒ

௞ℎ(𝑧)ቁ
ᇱ

−   𝑧 ቀ𝑇ఒ
௞𝑔(𝑧)ቁ

ᇱ

𝑇ఒ
௞ℎ(𝑧) +  𝑇ఒ

௞𝑔(𝑧)
ൢ  

(5) 

Let the subclass Hλ,k(α,β,t) consisting of functions f = h + g ∈ H and (3) holds true. Another purpose of 
this paper is to show and explain some applications of harmonic functions in economics and 
mathematical finance [38]. 

3 Main Results 

Mathematical modelling have gained popularity in financial modeling due to the dependence structure 
of their increments and the roughness of their results [4]. In the present section, we investigate to 
obtain coefficient bounds for functions in the subclasses Hλ,k(α,β,t) and 𝐻ഥλ,k(α,β,t)  and their possible 
roles in mathematical finance. These properties consist of necessary and sufficient coefficient bounds, 
extreme points, distortion bounds and Hadamard product. The following theorem reveals an important 
property for a function to be harmonic univalent. 
Theorem 1. Let f = h + g ∈ 𝐻ഥ and also 

෍ ቈ
𝑘(𝑛 − 1) + 𝑛 − 𝛽

1 − 𝛽
|𝑎௡| +

𝑘(𝑛 + 1) + 𝑛 + 𝛽

1 − 𝛽
|𝑏௡|቉

1

൫1 + 𝜆(𝑛 − 1)൯
௞  ≤ 2.

ାஶ

௡ୀଵ

 
(6) 

where a1 = 1 and 0 ≤ β ≤ 1, then f is harmonic univalent in ∆ and f ∈Hλ,k(α,β,t). 
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Proof.  

According to the fact that 

 Rew ≥ β ⇐⇒ |1 − β + w| ≥ |1 + β − w|, (w ∈ C,β ∈ R), 

for proving f ∈ Hλ,k(α,β,t), we must show that (3), or equivalently 

𝑅𝑒 ൞൫1 + 𝑡𝑒௜ఈ൯ ൦
𝑧 ቀ𝑇ఒ

௞ℎ(𝑧)ቁ
ᇱ

−   𝑧 ቀ𝑇ఒ
௞𝑔(𝑧)ቁ

ᇱ

𝑇ఒ
௞ℎ(𝑧) +  𝑇ఒ

௞𝑔(𝑧)
− 𝑡𝑒௜ఈ൪ൢ ≥ 𝛽 

(7) 

holds true. For this purpose, we set 

𝑋 = ൫1 + 𝑡𝑒௜ఈ൯ ቈ𝑧 ቀ𝑇ఒ
௞ℎ(𝑧)ቁ

ᇱ

−   𝑧 ቀ𝑇ఒ
௞𝑔(𝑧)ቁ

ᇱ

቉ − 𝑡𝑒௜ఈൣ𝑇ఒ
௞ℎ(𝑧) +  𝑇ఒ

௞𝑔(𝑧)൧ ,   

𝑌 =  𝑇ఒ
௞ℎ(𝑧) + 𝑇ఒ

௞𝑔(𝑧)    𝑎𝑛𝑑   𝑤 =
𝑋

𝑌ᇱ
 

Then, it is enough to show that 

|𝑋 −  (1 −  𝛽)𝑌 |  − |𝑋 −  (1 +  𝛽)𝑌 |  ≥  0. 

This issue can be proved according to the following relations: 

 
|𝑋 + (1 −  𝛽)𝑌 | − |𝑋 −  (1 +  𝛽)𝑌 | 

= ൫1 + 𝑡𝑒௜ఈ൯ ൥෍
𝑎௡

൫1 + 𝜆(𝑛 − 1)൯
௞

ାஶ

௡ୀଶ

𝑎௡𝑧௡ − ෍
𝑎௡

൫1 + 𝜆(𝑛 − 1)൯
௞

ାஶ

௡ୀଵ

𝑏௡ (𝑧)௡൩   

−𝑡𝑒௜ఈ  ൥𝑧 + ෍
𝑎௡

൫1 + 𝜆(𝑛 − 1)൯
௞

ାஶ

௡ୀଶ

𝑎௡𝑧௡ − ෍
𝑎௡

൫1 + 𝜆(𝑛 − 1)൯
௞

ାஶ

௡ୀଵ

𝑏௡ (𝑧)௡൩ 

+ (1 − 𝛽) ൥𝑧 + ෍
𝑎௡

൫1 + 𝜆(𝑛 − 1)൯
௞

ାஶ

௡ୀଶ

𝑎௡𝑧௡ − ෍
𝑎௡

൫1 + 𝜆(𝑛 − 1)൯
௞

ାஶ

௡ୀଵ

𝑏௡ (𝑧)௡൩ 

−|൫1 + 𝑡𝑒௜ఈ൯ ൥𝑧 + ෍
𝑎௡

൫1 + 𝜆(𝑛 − 1)൯
௞

ାஶ

௡ୀଶ

𝑎௡𝑧௡ − ෍
𝑎௡

൫1 + 𝜆(𝑛 − 1)൯
௞

ାஶ

௡ୀଵ

𝑏௡ (𝑧)௡൩ 

−𝑡𝑒௜ఈ  ൥𝑧 + ෍
1

൫1 + 𝜆(𝑛 − 1)൯
௞

ାஶ

௡ୀଶ

𝑎௡𝑧௡ − ෍
1

൫1 + 𝜆(𝑛 − 1)൯
௞

ାஶ

௡ୀଵ

𝑏௡ (𝑧)௡൩ 

− (1 + 𝛽) ൥𝑧 + ෍
1

൫1 + 𝜆(𝑛 − 1)൯
௞

ାஶ

௡ୀଶ

𝑎௡𝑧௡ − ෍
1

൫1 + 𝜆(𝑛 − 1)൯
௞

ାஶ

௡ୀଵ

𝑏௡ (𝑧)௡൩ 
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= อ൫1 + 𝑡𝑒௜ఈ − 𝑡𝑒௜ఈ + 1 −  𝛽൯ 𝑧

+ ൝෍൫𝑛൫1 + 𝑡𝑒௜ఈ൯ − 𝑡𝑒௜ఈ + 1 − 𝛽൯𝑎௡𝑧௡

ାஶ

௡ୀଶ

− ෍൫𝑛൫1 + 𝑡𝑒௜ఈ൯ − 𝑡𝑒௜ఈ + 1 − 𝛽൯𝑏௡ (𝑧)௡

ାஶ

௡ୀଶ

ൡ 
1

൫1 + 𝜆(𝑛 − 1)൯
௞  อ 

−|൫1 + 𝑡𝑒௜ఈ − 𝑡𝑒௜ఈ + 1 −  𝛽൯ 𝑧 − {෍൫𝑛൫1 + 𝑡𝑒௜ఈ൯ − 𝑡𝑒௜ఈ + 1 − 𝛽൯𝑎௡𝑧௡

ାஶ

௡ୀଶ

 

− อ൫1 + 𝑡𝑒௜ఈ − 𝑡𝑒௜ఈ + 1 −  𝛽൯ 𝑧

− ൝෍൫𝑛൫1 + 𝑡𝑒௜ఈ൯ − 𝑡𝑒௜ఈ + 1 − 𝛽൯𝑎௡𝑧௡

ାஶ

௡ୀଶ

+  ෍൫𝑛൫1 + 𝑡𝑒௜ఈ൯ − 𝑡𝑒௜ఈ + 1 − 𝛽൯𝑏௡ (𝑧)௡

ାஶ

௡ୀଶ

ൡ
1

൫1 + 𝜆(𝑛 − 1)൯
௞  อ 

≥ (2 − 𝛽)|𝑧| − ෍(𝑡(𝑛 + 1) + 𝑛 − 1 + 𝛽)|𝑏௡| |𝑧௡|  ൭
1

൫1 + 𝜆(𝑛 − 1)൯
௞൱ − 𝛽𝑧

ାஶ

௡ୀଶ

 

− ෍(𝑡(𝑛 + 1) + 𝑛 − 1 + 𝛽)|𝑎௡| |𝑧௡| ൭
1

൫1 + 𝜆(𝑛 − 1)൯
௞൱

ାஶ

௡ୀଶ

  

− ෍(𝑡(𝑛 + 1) + 𝑛 − 1 + 𝛽)|𝑏௡| |𝑧௡|  ൭
1

൫1 + 𝜆(𝑛 − 1)൯
௞൱

ାஶ

௡ୀଶ

 

= 2(1 − 𝛽)|𝑧| ൝1 − ෍
(𝑡(𝑛 − 1) + 𝑛 − 𝛽)

1 − 𝛽
|𝑎௡| ൭

1

൫1 + 𝜆(𝑛 − 1)൯
௞൱

ାஶ

௡ୀଶ

− ෍
(𝑡(𝑛 + 1) + 𝑛 + 𝛽)

1 − 𝛽
|𝑎௡|  ൭

1

൫1 + 𝜆(𝑛 − 1)൯
௞൱

ାஶ

௡ୀଶ

ൡ ≥ 0       ,       ൫𝑏𝑦  (6)൯. 

 
The latter inequality indicates that f ∈ Hλ,k(α,β,t). On the other side, for every 𝜆 we have  

 

ቚቀ𝑇ఒ
௞ℎ(𝑧)ቁ

ᇱ
ቚ = อ1 + ෍

𝑛𝑎௡

൫1 + 𝜆(𝑛 − 1)൯
௞

ାஶ

௡ୀଶ

𝑧௡ିଵอ 
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≥ 1 − ෍
|𝑛𝑎௡|

൫1 + 𝜆(𝑛 − 1)൯
௞

ାஶ

௡ୀଶ

𝑟௡ିଵ 

> 1 − ෍ 𝑛|𝑎௡|
1

൫1 + 𝜆(𝑛 − 1)൯
௞

ାஶ

௡ୀଶ

 

≥ 1 − ෍
𝑘(𝑛 − 1) + 𝑛 + 𝛽

1 − 𝛽

ାஶ

௡ୀଶ

|𝑎௡| 
1

൫1 + 𝜆(𝑛 − 1)൯
௞ 

≥ ෍
𝑘(𝑛 + 1) + 𝑛 + 𝛽

1 − 𝛽

ାஶ

௡ୀଶ

|𝑏௡|  
1

൫1 + 𝜆(𝑛 − 1)൯
௞ 

≥ ෍ 𝑛

ାஶ

௡ୀଶ

|𝑏௡| 
1

൫1 + 𝜆(𝑛 − 1)൯
௞ 

≥ ෍ 𝑛

ାஶ

௡ୀଶ

|𝑏௡| 
1

൫1 + 𝜆(𝑛 − 1)൯
௞ 𝑟௡ିଵ 

≥ ቚቀ𝑇ఒ
௞ℎ(𝑧)ቁ

ᇱ

ቚ ,           

Thus, if λ = 0 we conclude that f(z) is sense-preserving in ∆. Now, for univalency of f we consider two 
cases: 
(i) g(z) = 0, 
In this case, f(z) = g(z) is analytic and the univalency of f follows by a result of [39-41]. 

(ii) g(z) ≠ 0. 
In this case, we show that if z1 ≠ z2, then f(z1) ≠ f(z2). By letting ∆ be a simply connected and convex 
domain, for 0 ≤ j ≤ 1, we have : 

z(j) = (1 − j)z1 + jz2 ∈ ∆, 

and also if z1,z2 ∈ ∆, then z1 ≠ z2. But, we know that  

𝑇ఒ
௞𝑓(𝑧ଶ) − 𝑇ఒ

௞𝑓(𝑧ଵ) =  න ቂ(𝑧ଶ − 𝑧ଵ) ቀ𝑇ఒ
௞ℎ൫𝑧(𝑡)൯ቁ

ᇱ

+ ቀ(𝑧ଶ − 𝑧ଵ)𝑇ఒ
௞𝑔൫𝑧(𝑡)൯ቁ

ᇱ

ቃ 𝑑𝑡.
ଵ

଴

 

That leads to the following formula 

𝑅𝑒 ቈ
𝑇ఒ

௞𝑓(𝑧ଶ) − 𝑇ఒ
௞𝑓(𝑧ଵ)

𝑧ଶ − 𝑧ଵ
቉ =  න 𝑅𝑒 ቈቀ𝑇ఒ

௞ℎ൫𝑧(𝑡)൯ቁ
ᇱ

+
𝑧ଶ − 𝑧ଵ

𝑧ଶ − 𝑧ଵ
ቀ𝑇ఒ

௞𝑔൫𝑧(𝑡)൯ቁ
ᇱ

቉
ଵ

଴

𝑑𝑡  

>  න 𝑅𝑒 ቂቀ𝑇ఒ
௞ℎ൫𝑧(𝑡)൯ቁ

ᇱ
− ቚቀ𝑇ఒ

௞𝑔൫𝑧(𝑡)൯ቁ
ᇱ
ቚቃ 𝑑𝑡.

ଵ

଴

 

From the above relation we can obtain the following relation 

 

𝑅𝑒 ቄቀ𝑇ఒ
௞ℎ൫𝑧(𝑡)൯ቁ

ᇱ

− ቚቀ𝑇ఒ
௞𝑔൫𝑧(𝑡)൯ቁ

ᇱ

ቚቅ 

≥ 𝑅𝑒 ቀ𝑇ఒ
௞ℎ൫𝑧(𝑡)൯ቁ

ᇱ
− ෍ 𝑛

ஶ

௡ୀଶ

|𝑏௡| 
1

൫1 + 𝜆(𝑛 − 1)൯
௞           

= 1 − ෍ 𝑛

ஶ

௡ୀଶ

|𝑏௡|  
1

൫1 + 𝜆(𝑛 − 1)൯
௞ − ෍ 𝑛

ஶ

௡ୀଵ

|𝑏௡|  
1

൫1 + 𝜆(𝑛 − 1)൯
௞          
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≥ 1 −  ෍
𝑘(𝑛 − 1) + 𝑛 − 𝛽

1 − 𝛽

ାஶ

௡ୀଶ

|𝑎௡|  
1

൫1 − 𝜆(𝑛 − 1)൯
௞ 

− ෍
𝑘(𝑛 + 1) + 𝑛 + 𝛽

1 − 𝛽

ାஶ

௡ୀଵ

|𝑏௡| 
1

൫1 − 𝜆(𝑛 − 1)൯
௞ ≥ 0 ,    ൫𝑏𝑦   (6)൯.         

 
In this step and simply by putting λ = 0, we obtain univalency of f.      □  

Remark: The function 

𝐹(𝑧) = 𝑧 + ෍
(1 − 𝛽)൫1 + 𝜆(𝑛 − 1)൯

௞

𝑘(𝑛 + 1) + 𝑛 − 𝛽

ା∞

௡ୀଶ

𝑥௡𝑧௡

+ ෍
(1 − 𝛽)൫1 − 𝜆(𝑛 − 1)൯

௞

𝑘(𝑛 + 1) + 𝑛 + 𝛽

ା∞

௡ୀଵ

𝑦
௡

(𝑧)௡ 

 

(8) 

Show that the coefficient bound given by (6) is sharp where 

1

2
൭෍|𝑥௡| +  ෍|𝑦௡|

ାஶ

௡ୀଶ

ାஶ

௡ୀଶ

൱ = 1 

Based on the above mentioned definitions and theorem, we provide the following important theorem 
that presents the necessary and sufficient conditions.  

Theorem 2. Let 𝑓 = 𝑔 + ℎ = 𝑧 − ∑ |𝑎௡|ஶ
௡ୀଶ 𝑧௡ + ∑ |𝑏௡|ஶ

௡ୀଵ 𝑧௡ , Then f(z) ∈ Hλ,k(α,β,t), if 
and only if 

෍ ቈ
𝑘(𝑛 − 1) + 𝑛 − 𝛽

1 − 𝛽
|𝑎௡| +

𝑘(𝑛 + 1) + 𝑛 + 𝛽

1 − 𝛽
|𝑏௡|቉

ஶ

ଵ

1

൫1 − 𝜆(𝑛 − 1)൯
௞ ≤ 2    

(9) 

where a1 = 1 and 0 ≤ β ≤ 1. 

Proof.  

Since Hλ,k(α,β,t) ⊂ Hλ,k(α,β,t), then the ”if” part can be directly concluded from theorem 1. 

In order to prove the ”only if” part, we show that 

f ∈ Hλ,k(α,β,t) ⇒ (6) holds true, 

or equivalently 

 (6) isn’t hold ⇒ f /∈ Hλ,k(α,β,t). 

 
Suppose that f ∈ Hλ,k(α,β,t), therefore we must have 

0 ≤ 𝑅𝑒 ൞
൫1 + 𝑡𝑒௜ఈ൯ ቀ𝑇ఒ

௞ℎ(𝑧)ቁ
ᇱ

− ቀ𝑇ఒ
௞𝑔(𝑧)ቁ

ᇱ

 

𝑇ఒ
௞ℎ(𝑧) + 𝑇ఒ

௞𝑔(𝑧)
− 𝑡𝑒௜ఈ − 𝛽ൢ  
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= 𝑅𝑒

⎩
⎪
⎨

⎪
⎧൫1 + 𝑡𝑒௜ఈ൯ ൥𝑧 − ∑

𝑛𝑎௡

൫1 + 𝜆(𝑛 − 1)൯
௞

ାஶ
௡ୀଶ 𝑧௡ − ∑

𝑛𝑏௡

൫1 + 𝜆(𝑛 − 1)൯
௞

ାஶ
௡ୀଵ (𝑧)௡൩ 

− ∑
𝑎௡

൫1 + 𝜆(𝑛 − 1)൯
௞

ାஶ
௡ୀଶ 𝑧௡ − ∑

𝑏௡

൫1 + 𝜆(𝑛 − 1)൯
௞

ାஶ
௡ୀଵ (𝑧)௡

−

൫𝑡𝑒௜ఈ − 𝛽൯ ൥𝑧 − ∑
𝑎௡𝑧௡

൫1 + 𝜆(𝑛 − 1)൯
௞

ାஶ
௡ୀଶ + ∑

𝑏௡

൫1 + 𝜆(𝑛 − 1)൯
௞

ାஶ
௡ୀଵ ൩

𝑧 − ∑
𝑎௡

൫1 + 𝜆(𝑛 − 1)൯
௞

ାஶ
௡ୀଶ 𝑧௡ + ∑

𝑏௡

൫1 + 𝜆(𝑛 − 1)൯
௞

ାஶ
௡ୀଵ (𝑧)௡

⎭
⎪
⎬

⎪
⎫

 

= 𝑅𝑒 

⎩
⎪
⎨

⎪
⎧ (1 − 𝛽) − ∑ ൣ𝑛 + 𝛽 + 𝑒௜ఈ(𝑛𝑘 − 𝑘)൧ஶ

௡ୀଶ
|𝑎௡|

൫1 + 𝜆(𝑛 − 1)൯
௞ 𝑧௡ିଵ

1 − ∑
|𝑎௡|

൫1 + 𝜆(𝑛 − 1)൯
௞ 𝑧௡ିଵஶ

௡ୀଶ +
𝑧
𝑧

∑
|𝑏௡|

൫1 + 𝜆(𝑛 − 1)൯
௞ (𝑧)௡ିଵஶ

௡ୀଶ

−

𝑧
𝑧

∑ ൣ𝑛 + 𝛽 + 𝑒௜ఈ(𝑛𝑘 − 𝑘)൧ஶ
௡ୀଶ

|𝑏௡|

൫1 + 𝜆(𝑛 − 1)൯
௞ (𝑧)௡ିଵ

1 − ∑
|𝑎௡|

൫1 + 𝜆(𝑛 − 1)൯
௞ 𝑧௡ିଵஶ

௡ୀଶ +
𝑧
𝑧

∑
|𝑏௡|

൫1 + 𝜆(𝑛 − 1)൯
௞ (𝑧)௡ିଵஶ

௡ୀଶ
⎭
⎪
⎬

⎪
⎫

≥ 0.    

 
The last inequality must hold for all z, |z| = r < 1. By choosing the values of z on the real axis such that 
0 ≤ |z| = r < 1, the following relation should be held 

𝑅𝑒

⎩
⎪
⎨

⎪
⎧1 − 𝛽 − ൥∑ (𝑛 − 𝛽)

|𝑎௡|

൫1 + 𝜆(𝑛 − 1)൯
௞ 𝑟௡ିଵ∞

௡ୀଶ + ∑ (𝑛 + 𝛽)
|𝑏௡|

൫1 + 𝜆(𝑛 − 1)൯
௞ 𝑟௡ିଵ∞

௡ୀଶ ൩

1 − ∑
|𝑎௡|

൫1 + 𝜆(𝑛 − 1)൯
௞ 𝑟௡ିଵ∞

௡ୀଶ +  ∑
|𝑏௡|

൫1 + 𝜆(𝑛 − 1)൯
௞ 𝑟௡ିଵ∞

௡ୀଵ

−

𝑒௜ఈ ൥(𝑛𝑘 − 𝑘)
|𝑎௡|

൫1 + 𝜆(𝑛 − 1)൯
௞ 𝑟௡ିଵ + ∑ (𝑛𝑘 − 𝑘)

|𝑏௡|

൫1 + 𝜆(𝑛 − 1)൯
௞ 𝑟௡ିଵ∞

௡ୀଵ ൩

1 − ∑
|𝑎௡|

൫1 + 𝜆(𝑛 − 1)൯
௞ 𝑟௡ିଵ∞

௡ୀଶ +  ∑
|𝑏௡|

൫1 + 𝜆(𝑛 − 1)൯
௞ 𝑟௡ିଵ∞

௡ୀଵ

⎭
⎪
⎬

⎪
⎫

≥ 0.  
Or 

1 − 𝛽 − ∑ (𝑘(𝑛 − 1) + 𝑛 − 𝛽) |𝑎௡| 
1

൫1 + 𝜆(𝑛 − 1)൯
௞ 𝑟௡ିଵ∞

௡ୀଵ

1 − ∑
|𝑎௡|

൫1 + 𝜆(𝑛 − 1)൯
௞ 𝑟௡ିଵ∞

௡ୀଶ +  ∑
|𝑏௡|

൫1 + 𝜆(𝑛 − 1)൯
௞ 𝑟௡ିଵ∞

௡ୀଵ

  

−

∑ (𝑘(𝑛 + 1) + 𝑛 + 𝛽) |𝑏௡| 
1

൫1 + 𝜆(𝑛 − 1)൯
௞ 𝑟௡ିଵ∞

௡ୀଵ

1 − ∑
|𝑎௡|

൫1 + 𝜆(𝑛 − 1)൯
௞ 𝑟௡ିଵ∞

௡ୀଶ +  ∑
|𝑏௡|

൫1 + 𝜆(𝑛 − 1)൯
௞ 𝑟௡ିଵ∞

௡ୀଵ

≥ 0 

If the inequality (9) isn’t hold then when r → 1 the numerator is negative and this is a contradiction for 

f(z) ∈ Hλ,k(α,β,t) and so the proof is complete.    □ 
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4 Main Properties 
 

In this sense, this section is devoted to show some properties of the developed subclass that are useful 
in the mathematical theory of finance and economics. Mainly, in this section, some concepts such as 
extreme points and distortion bounds for functions in the new developed subclass Hλ,k(α,β,t) are going 
to be introduced. Despite of these concepts, the convolution preserving property is also investigated in 
this section. First of all we need to prove the following important theorem that determines the extreme 
points. 

 
Theorem 3. f = h + g ∈ Hλ,k(α,β,t) if and only if 

𝑓(𝑧) = ෍(𝑣௡ℎ௡(𝑧) + 𝑤௡𝑔௡(𝑧))

∞

௡ୀଵ

 
(10) 

Where 

ℎଵ(𝑧) = 𝑧 , (11) 

ℎ௡(𝑧) = 𝑧 −
(1 − 𝛽)൫1 + 𝜆(𝑛 − 1)൯

௞

(𝑘(𝑛 − 1) + 𝑛 − 𝛽)
(𝑧)௡ , 𝑛 =  1,2,3, …, 

(12) 

𝑔௡(𝑧) = 𝑧 −
(1 − 𝛽)൫1 + 𝜆(𝑛 − 1)൯

௞

(𝑘(𝑛 + 1) + 𝑛 + 𝛽)
(𝑧)௡ , 𝑛 =  1,2,3, …, 

(13) 

vn ≥0, wn ≥ 0, ∑ (𝑣௡ + 𝑤௡)∞
௡ୀଵ = 1 (14) 

Proof.  

Assume that  f is defined according to (10), then we have  

𝑓(𝑧) = 𝑢ଵℎଵ(𝑧) + ෍ 𝑢௡ℎ௡(𝑧)

ஶ

௡ୀଶ

+ ෍ 𝑤௡𝑔௡(𝑧)

ஶ

௡ୀଶ

 

= 𝑢ଵ𝑧 + ෍ ൥
(1 − 𝛽)൫1 + 𝜆(𝑛 − 1)൯

௞

(𝑘(𝑛 − 1) + 𝑛 − 𝛽)
𝑧௡൩ 𝑣௡

ஶ

௡ୀଵ

 

+ ෍ ൥𝑧 +
(1 − 𝛽)൫1 + 𝜆(𝑛 − 1)൯

௞

(𝑘(𝑛 + 1) + 𝑛 + 𝛽)
(𝑧)௡൩ 𝑤௡ 

ஶ

௡ୀଵ

 

= 𝑧 − ෍ ൥
(1 − 𝛽)൫1 + 𝜆(𝑛 − 1)൯

௞

(𝑘(𝑛 − 1) + 𝑛 − 𝛽)
𝑧௡൩ 𝑣௡

ஶ

௡ୀଵ

 + ෍ ൥𝑧 +
(1 − 𝛽)൫1 + 𝜆(𝑛 − 1)൯

௞

(𝑘(𝑛 + 1) + 𝑛 + 𝛽)
(𝑧)௡൩ 𝑤௡.

ஶ

௡ୀଵ

 

           

Then, the following relation is obtained 
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෍
𝑘(𝑛 − 1) + 𝑛 − 𝛽

1 − 𝛽

ାஶ

௡ୀଶ

×  
1

൫1 − 𝜆(𝑛 − 1)൯
௞  ൭

(1 − 𝛽)൫1 + 𝜆(𝑛 − 1)൯
௞

(𝑘(𝑛 − 1) + 𝑛 − 𝛽)
𝑈௡൱  

+ ෍
𝑘(𝑛 + 1) + 𝑛 + 𝛽

1 − 𝛽

ାஶ

௡ୀଵ

× 
1

൫1 − 𝜆(𝑛 − 1)൯
௞  ൭

(1 − 𝛽)൫1 + 𝜆(𝑛 − 1)൯
௞

(𝑘(𝑛 + 1) + 𝑛 + 𝛽)
𝑤௡൱  

= ෍ 𝑢௡

ାஶ

௡ୀଶ

+ ෍ 𝑤௡

ାஶ

௡ୀଵ

 = 1 − 𝑢ଵ ≤ 1,   

 
This relation indicates f(z) ∈ Hλ,k(α,β,t). 

 
Conversely, let’s assume that f(z) ∈ Hλ,k(α,β,t). In this case and according to (9) we set 

𝑢ଵ = 1 − ෍ 𝑢௡

ାஶ

௡ୀଶ

+ ෍ 𝑤௡

ାஶ

௡ୀଵ

, 

𝑢௡ =  
𝑘(𝑛 − 1) + 𝑛 − 𝛽

1 − 𝛽
 ቆ

1

൫1 − 𝜆(𝑛 − 1)൯
 ቇ

௞

|𝑎௡| ,      𝑛 =   2,3, … ,   

and 

𝑤௡ =  
𝑘(𝑛 + 1) + 𝑛 + 𝛽

1 − 𝛽
 ቆ

1

൫1 − 𝜆(𝑛 − 1)൯
 ቇ

௞

|𝑏௡| ,      𝑛 =   1,2, … ,   

Therefore, simply we have 𝑓(𝑍) = ∑ ൫𝑢௡ℎ௡(𝑧) + 𝑤௡𝑔௡(𝑧)൯ ∞
௡ୀଵ and the proof is complete.  □ 

 
The following theorem shows the condition for H to be a convex set.  
 

Theorem 4. If fj,j = 1,2,... belongs to Hλ,k(α,β,t), then the function 𝐹(𝑧) = ∑ 𝑢௝𝑓௝(𝑧)∞
௝ୀଵ  is also in 

Hλ,k(α,β,t), where ∑ 𝑢௝ = 1∞
௝ୀଵ  and fj(z) defined by 

𝐹௝(𝑧) = 𝑧 − ෍ 𝑎௡௝𝑧௡

∞

௡ୀଶ

+ ෍ 𝑎௡௝(𝑧)௡

∞

௡ୀଵ

   ,    𝑗 = 1,2, …  

Proof.  

Since fj(z) ∈ Hλ,k(α,β,t), then according to the relation (9), for every j = 1,2,..., we obtain the following 
result 

෍ ቈ
𝑘(𝑛 − 1) + 𝑛 − 𝛽

1 − 𝛽
ห𝑎௡௝ห +

𝑘(𝑛 + 1) + 𝑛 + 𝛽

1 − 𝛽
ห𝑏௡௝ห቉

ା∞

௡ୀଵ

1

൫1 − 𝜆(𝑛 − 1)൯
௞

≤ 2. 

Additionally, we have 

𝐹(𝑧) = ෍ 𝑢௝𝑓௝(𝑧)

∞

௝ୀଶ

= 𝑧 − ෍ ቎෍ 𝑢௝𝑎௡,௝

∞

௝ୀଵ

቏

∞

௡ୀଶ

𝑧௡ + ෍ ቎෍ 𝑢௝𝑏௡,௝

∞

௝ୀଵ

቏

∞

௡ୀଵ

(𝑧)௡ 

Despite of them and with regard to the theorem (7) we conclude that  
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෍ ቎
𝑘(𝑛 − 1) + 𝑛 − 𝛽

1 − 𝛽
ቌ෍ 𝑢௝𝑎௡,௝

∞

௝ୀଵ

ቍ                                                      

ା∞

௡ୀଵ

+
𝑘(𝑛 + 1) + 𝑛 + 𝛽

1 − 𝛽
ቌ෍ 𝑢௝𝑏௡,௝

∞

௝ୀଵ

ቍ቏ 
1

൫1 − 𝜆(𝑛 − 1)൯
௞

          

+ ෍ ൝൥෍
𝑘(𝑛 − 1) + 𝑛 − 𝛽

1 − 𝛽
𝑎௡,௝                      

∞

௡ୀଵ

∞

௝ୀଵ

+
𝑘(𝑛 − 1) + 𝑛 − 𝛽

1 − 𝛽
𝑏௡,௝൩

1

൫1 − 𝜆(𝑛 − 1)൯
௞

ൡ  

≤ 2 ෍ 𝑢௝ = 2.

∞

௝ୀଵ

  

The latter relation completes the proof. Hence Hλ,k(α,β,t) is a convex set. □ 

 

The following theorem gives the distortion bounds which yields a covering result for the class. 

Theorem 5. Suppose f(z) ∈ Hλ,k(α,β,t), then for |z| = r < 1, we have  

|𝑓(𝑧)| ≤ (1 − |𝑏ଵ|)𝑟 + (1 + 𝜆)௞ ൬
1 − 𝛽

𝑘 + 2 − 𝛽
−

2𝑘 + 1 + 𝛽

𝑘 + 2 − 𝛽
|𝑏ଵ|൰ 𝑟ଶ 

(15) 

And, also we have 

|𝑓(𝑧)| ≥ (1 − |𝑏ଵ|)𝑟 − (1 − 𝜆)௞ ൬
1 − 𝛽

𝑘 + 2 − 𝛽
−

2𝑘 + 1 + 𝛽

𝑘 + 2 − 𝛽
|𝑏ଵ|൰ 𝑟ଶ 

(16) 

Proof.  
Since f(z) ∈ Hλ,k(α,β,t), therefore we have  
 

|𝑓(𝑧)| = อ𝑧 − ෍ 𝑎௡𝑧௡

∞

௡ୀଶ

+ ෍ 𝑏௡(𝑧)௡

∞

௡ୀଶ

อ = อ𝑧 − ෍ 𝑎௡𝑧௡

∞

௡ୀଶ

+ 𝑏ଵ𝑧 + ෍ 𝑏௡(𝑧)௡

∞

௡ୀଶ

อ 

≥ (1 − |𝑏ଵ|)𝑟 − ෍(|𝑎௡| + |𝑏௡|) 𝑟௡

∞

௡ୀଶ

≥ (1 − |𝑏ଵ|)𝑟 − ෍(|𝑎௡| + |𝑏௡|) 𝑟ଶ

∞

௡ୀଶ

 

≥ (1 − |𝑏ଵ|)𝑟 −
(1 − 𝛽)(1 + 𝜆)௞

𝑘 + 2 − 𝛽
෍ ቈ

(1 − 𝛽)

𝑘 + 2 − 𝛽
×

1

(1 + 𝜆)௞
(|𝑎௡| + |𝑏௡|)቉ 𝑟௡  

∞

௡ୀଶ

  

≥ (1 − |𝑏ଵ|)𝑟 −
(1 − 𝛽)(1 + 𝜆)௞

𝑘 + 2 − 𝛽
෍ ቈ

(1 + 𝜆)௞(𝑘 + 2 − 𝛽)

(1 − 𝛽)
|𝑎௡| +

(1 + 𝜆)௞(2𝑘 + 1 + 𝛽)

(1 − 𝛽)
|𝑏௡|቉ 𝑟ଶ  

∞

௡ୀଶ

  

≥ (1 − |𝑏ଵ|)𝑟 −
(1 − 𝛽)(1 + 𝜆)௞

𝑘 + 2 − 𝛽
෍ ቈ1 +

(𝑘 + 2 + 𝛽)

(1 − 𝛽)
|𝑏ଵ|቉ 𝑟ଶ  

∞

௡ୀଶ

 

≥ (1 − |𝑏ଵ|)𝑟 − (1 + 𝜆)௞ ቈ
(1 − 𝛽)

𝑘 + 2 − 𝛽
−

(2𝑘 + 1 + 𝛽)

𝑘 + 2 − 𝛽
|𝑏ଵ|቉ 𝑟ଶ, 

 
And, accordingly we obtain  
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|𝑓(𝑧)| ≤ (1 − |𝑏ଵ|)𝑟 + ෍(|𝑎௡| + |𝑏௡|) 𝑟௡

ஶ

௡ୀଶ

≤ (1 − |𝑏ଵ|)𝑟 + ෍(|𝑎௡| + |𝑏௡|) 𝑟ଶ

ஶ

௡ୀଶ

 

= (1 + |𝑏ଵ|)𝑟 −
(1 − 𝛽)(1 + 𝜆)௞

𝑘 + 2 − 𝛽
෍ ቈ

(𝑘 + 2 − 𝛽)

(1 − 𝛽)
 ൬

1

1 + 𝜆
൰

௞

(|𝑎௡| + |𝑏௡|) ቉ 𝑟ଶ  

ஶ

௡ୀଶ

 

≤ (1 + |𝑏ଵ|)𝑟 −
(1 − 𝛽)(1 + 𝜆)௞

𝑘 + 2 − 𝛽
෍ ቈ

(𝑘 + 2 − 𝛽)

(1 − 𝛽)((1 + 𝜆)௞)
|𝑎௡|      

ஶ

௡ୀଶ

+
(2𝑘 + 1 + 𝛽)

(1 − 𝛽)((1 + 𝜆)௞)
|𝑏௡|቉ 𝑟ଶ          

≤ (1 + |𝑏ଵ|)𝑟 −
(1 − 𝛽)(1 + 𝜆)௞

𝑘 + 2 − 𝛽
෍ ቈ1 −

(2𝑘 + 1 + 𝛽)

𝑘 + 2 − 𝛽
|𝑏ଵ|቉ 𝑟ଶ  

ஶ

௡ୀଶ

 

≥ (1 + |𝑏ଵ|)𝑟 − (1 + 𝜆)௞ ቈ
(1 − 𝛽)

𝑘 + 2 − 𝛽
−

(2𝑘 + 1 + 𝛽)

𝑘 + 2 − 𝛽
|𝑏ଵ|቉ 𝑟ଶ 

That completes the proof.     □ 

 
The following important theorem shows that the functions in the class Hλ,k(α,β,t)  are closed under 
convolution. 
 
Theorem 6. If f(z) ∈ Hλ,k(α,β,t) and for 0 < γ ≤ β < 1, g(z) ∈Hλ,k(α,γ,t), then Hλ,k(α,β,t) ⊆ Hλ,k(α,γ,t) and 
(f ∗ g)(z) ∈ Hλ,k(α,β,t), where 

(𝑔 ∗ 𝑔)(𝑧) = ൥𝑧 −  ෍|𝑎௡|𝑧௡

∞

௡ୀଶ

+ ෍|𝑏௡|(𝑧)௡

∞

௡ୀଵ

൩

∗ ൥𝑧 − ෍|𝑐௡|𝑧௡

∞

௡ୀଶ

+ ෍|𝑑௡|(𝑧)௡

∞

௡ୀଵ

൩ 

= 𝑧 − ෍|𝑎௡𝑐௡|𝑧௡

∞

௡ୀଶ

+ ෍|𝑏௡𝑑௡|(𝑧)௡

∞

௡ୀଵ

  ,     (|𝑐௡| ≤ 1, |𝑑௡| ≤ 1).  

 

(17) 

 

Proof.  

We assume that, f(z) ∈ 𝐻ഥλ,k(α,β,t), then according to the definition and the hypothesis of the theorem, 
we have 

𝑅𝑒

⎩
⎪
⎨

⎪
⎧

൫1 + 𝑡𝑒௜ఈ൯ ൞
𝑧 ቀ𝑇ఒ

௞ℎ(𝑧)ቁ
ᇱ

− 𝑧 ቀ𝑇ఒ
௞𝑔(𝑧)ቁ

ᇱ

 

𝑇ఒ
௞ℎ(𝑧) + 𝑇ఒ

௞𝑔(𝑧)
− 𝑡𝑒௜ఈൢ

⎭
⎪
⎬

⎪
⎫

≥ 𝛽 ≥ 𝑦,  

That leads to the  f(z) ∈ Hλ,k(α,β,t). Additionally, according to the definition f ∗g given by (17) and 
regard to the |cn| ≤ 1 and dn ≤ 1, we concluded that f ∗ g ∈ 𝐻ഥλ,k(α,β,t) and the proof is complete.   □ 

Our motivation came from mathematical finance, more precisely from establishing a subclass of 
harmonic univalent functions that have important role in finance.  
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5 Conclusion 

One of the most active areas of research in the finance area is mathematical modeling of financial 
phenomenon. Hence, in this paper we carried out a new version of subclass of harmonic univalent 
functions that are useful in mathematical finance [42]. As a result, we defined and verified a novel 
subclass of harmonic univalent functions involving the argument of complex-value functions of the 
form f = h + 𝑔. Furthermore, we investigated some properties of the proposed subclass such as 
necessary and sufficient coefficient bounds, extreme points, distortion bounds and Hadamard product. 
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